The presentation of supergravity theories of our previous paper "Super-Poincarè algebras, space-times and supergravities (I)" is re-formulated in the language of Berezin-Leites-Kostant theory of supermanifolds. It is also shown that the equations of Cremmer, Julia and Scherk's theory of 11D-supergravity are equivalent to manifestly covariant equations on a supermanifold.
Introduction
In a previous article ( [32] ), we proposed formulations of supergravity theories, based on the notion of an extended space-time (M, M o , D), formed by a superspace M , a distinguished submanifold M o ⊂ M (representing the physical space-time) and a non-integrable distribution D, with properties determined by imposed supersymmetries of vacuum solutions. In such formulations, a supergravity theory is represented by a collection of tensor fields and tensorial equations on M , whose restrictions at the points of M o give the physical fields and their equation of motion.
Many conceptual ingredients of our approach, such as the notion of a superspace M and of tensorial equations on a superspace, are standard. But, at the best of our knowledge, a presentation of all material in a coordinatefree language and in terms of classical differential geometric objects was still missing. So, we developed such presentation pursuing the following leading intent: Get an economical description of supergravity theories in terms of objects, which can be studied with standard techniques of Differential Geometry.
Let us briefly recall the main points of our presentation in [32] . Given a Poincarè algebra p = so(V ) + V of a flat pseudo-Riemannian space V = R p,q and a (super or Z 2 -graded) extended algebra g = so(V ) + V + S, we call space-time of type g any (super-)manifold M , together with 2000 Mathematics Subject Classification. 83E50, 58A50, 17B70. Key words and phrases. Supermanifolds; Eleven Dimensional Supergravity; Principle of General Covariance; Super-Poincarè algebras.
The first author was supported by project F1R-MTH-PUL-08HALO-HALOS08 of University of Luxembourg. a distinguished submanifold M o ⊂ M and a non integrable distribution D, whose Levi form L is modeled on the Lie brackets of elements in S ⊂ g.
A gravity field on M is a pair (g, ∇), formed by a tensor field g of type (0, 2), inducing a pseudo-Riemannian metric on the g-orthogonal distribution D ⊥ , and a covariant derivation ∇ preserving D, g and L.
A supergravity of type g is a pair G = ((M, M o , D), (g, ∇)), formed by a space-time (M, M o , D) of type g and a gravity field (g, ∇). The physical fields of G are formed by a pair of covariant derivations on M o , called metric and spinor connections, and by three tensor fields, representing the graviton, the gravitino and the auxiliary field(s), respectively.
There is a distinguished class of supergravities, the so-called (strict) Levi-Civita supergravities of type g, characterized by the vanishing of some special parts of the torsion T of ∇. The importance of such supergravities comes from an existence and uniqueness theorem, which implies that their physical fields are completely determined by the graviton, the gravitino and the auxiliary field(s), as it is required in the standard component approach to supergravities.
We also recall that in [32] , we showed that the variations of graviton and gravitino of a Levi-Civita supergravity, determined by Lie derivatives along vector fields of M , nicely match the supersymmetric transformation rules of simple 4D-supergravity and other supergravities, determined in component formalism. And one can directly check that the same occurs for the variations of graviton and gravitino in Cremmer-Julia-Scherk 11D-supergravity ( §4.4). All this can be considered as a supporting evidence for the idea that (localized) supersymmetric invariance of supergravity theories is actually a sort of Principle of General Covariance, i.e. a principle of invariance under local changes of coordinates (or, equivalently, local diffeomorphisms) of the superspace M .
The purpose of this paper is to rewrite the contents of [32] in terms of well defined notions of supergeometry. We essentially follow the theory developed by Berezin, Leites, Kostant et al., but with a modified notion of supermanifold, which we call Äl-supermanifold ( §2.2; see also [33] ). A Äl-supermanifold M Äl = (M o , A Äl M ) is characterized by an algebra A Äl M of superfunctions, which can be considered as the super-analogue of an algebra on a smooth manifold of smooth functions taking values into a Z 2 -graded algebra (and hence generated by "even" and "odd-valued" functions). In fact, the need for Äl-valued functions naturally arises in any theory involving fermions (anti-commuting quantum fields), not only supersymmetric ones. In supergravity theories bosons and fermions are necessarily intertwined; there is therefore even more reason to consider Äl-valued superfunctions and Äl-supermanifolds.
After this, we apply our approach to the case of Cremmer, Julia and Scherk's theory of 11D-supergravity ( [14] ). More precisely, we show how the fields and equations of 11D-supergravity can be expressed in terms of a supergravity G = ((M Äl , M Äl o , D), (g, ∇)) of type g endowed with a suitable 4-form F on M Äl . Using results of [12] , we get the existence of a oneto-one correspondence between solutions in component formalism of 11Dsupergravity equations and quadruples (D, g, ∇, F) on M Äl , which satisfy a set of constraints and equations of purely tensorial type. Due to this, all questions concerning constructions and analysis of solutions of 11Dsupergravity can be naturally reduced to problems on suitable geometric structures on Äl-supermanifolds.
The structure of the paper is the following. In §2, we use tensor products with a suitable exterior algebra Äl = Λ * W to define objects that behave as even/odd valued functions and even/odd vector fields on a classical smooth manifold. In §3, we introduce the definition of "Äl -supermanifold", which is a supermanifold with an algebra of superfunctions, analogous to the even/odd valued functions on a manifold. First properties of Älsupermanifolds are given; In particular, we show that the Lie derivatives along (even) super vector fields are related with 1-parameter groups of (local) diffeomorphisms in perfect analogy with the corresponding relation between Lie derivatives and flows of smooth manifolds. In §3, we re-formulate definitions and properties of supergravities of type g in the language of Älsupermanifolds. In §4, we show how Cremmer, Julia and Scherk's theory of eleven dimensional supergravity can be encoded as a theory on supergravities of type g and that it satisfies the generalized Principle of General Covariance, introduced in [32] . For reader's convenience, we briefly outline the theory of supermanifolds in the Appendix.
We conclude observing that the generalization of the notion of supermanifolds, considered in this paper, stems naturally from a functorial approach to supergeometry as considered for instance in [24, 19, 30, 31 ] (see also [18] , Lec. 2). We believe that this is indeed the most appropriate approach to supergeometry.
Notation. Given a sheaf or bundle π : A → N over a manifold N , we denote by A ||U the restriction of A over a subset U ⊂ N . In particular A ||x = π −1 (x) for any x ∈ N . The set of global (resp. local) smooth sections of A is denoted by Γ(A) (resp. Γ loc (A)). The sheaf of germs of sections of a bundle A is denoted by Sheaf A. Given a manifold N , we denote by X(N ) = Γ(T N ) the class of smooth vector fields and by F N the sheaf of germs of smooth real functions of N .
If X is a derivation of a ring R, its action on elements f ∈ R is denoted either by X(f ) or by X · f . If A = A 0 + A 1 is a Z 2 -graded vector space, the parity i = 0, 1 of an homogeneous element f ∈ A i , is denoted by |f| ∈ Z 2 .
We consider Clifford algebras as defined e.g. in [10] and the Clifford product between vectors of the standard basis of R p,q is e i · e j = −2η ij and not " +2η ij ", as it is often assumed in Physics. Due to this, our notation for signatures of Clifford algebras is opposite to the one of several other papers.
2. Ä-valued functions on manifolds and Ä-supermanifolds 2.1. Ä-valued functions and Ä-valued fields on classical manifolds.
In Quantum Field Theory, fields of bosonic or fermionic particles correspond to commuting or anti-commuting operators on some suitable Hilbert space. This fact forces to represent them as differential geometric objects, constructed with the following defined graded functions and tensors.
Given a finite dimensional vector space W = K N , K = R or C, we denote by Äl def = N i=0 Λ i W its exterior algebra, with spaces of even and odd elements given by
Elements η ∈ Äl i , i = 0, 1, are called homogeneous of parity |η| = i.
The consideration of an exterior algebra Äl = N i=0 Λ i W allows constructions of appropriate models for quantum anti-commuting fields, provided that dim W is large enough to prevent unwanted cancellations in products. In this paper, this is actually the only condition we have to worry about and, from now on, we consider W = K N as fixed, with N sufficiently large.
The subbundles π i : E i −→ M o , i = 0, 1, are called subbundles of even/odd elements, respectively. We remark that bundles, in which either E 1 or E 0 is trivial, are admissible: We call them (purely) even or (purely) odd bundles, respectively. Clearly, any ungraded vector bundle π : F −→ M o might be endowed with parity equal to 0 or 1 and hence considered as an even or odd, according to the needs.
Given M o and a Z 2 -graded vector bundle π : 
even (resp. odd) valued functions, while the (local) sections of (E Äl ) 0 (resp. (E Äl ) 1 ) are called even (resp. odd) sections.
Given a Äl-function
Sheaf (E Äl ) has a natural structure of locally free sheaf of F Äl Mo -moduli, with products between sections of F Äl Mo and Sheaf (E Äl ) defined by
Given a smooth map ϕ : 
. The elements (e 1 , . . . , e ro ) (resp. (e ro+1 , . . . , e r )) are called even (resp. odd) elements of the frame field.
The number of even and odd elements of a local frame field does not depend on the choice of the local frame, due to the following simple lemma, whose proof is left to the reader. Local frames allow the definition of the following subbundles. Given 0 ≤
Coming back to tuples (ψ α ) of anti-commuting operators, which locally represent fermions (as e.g. the components of a Dirac field), we may conveniently identify them with odd-valued components of sections ψ : U −→ E Äl of a suitable lambdification E Äl . The parity of ψ depends on the parity of the elements of the frame field. In case E is decreed to be purely even (resp. odd), the frame fields has only even (resp. odd) elements and ψ has clearly odd-valued components ψ α if and only if it is odd (resp. even). Both alternatives can be handled in equivalent ways, but we found the second one easier-to-use. So, from now on, we adopt the following conventions.
-A lambdification E Äl is called bosonic (resp. fermionic) if the underlying vector bundle E is purely even (resp. odd); A subbundle
if it is regular of bi-rank (p o , 0) (resp. (0, q o )); -We call fields in E Äl the even sections ψ : U −→ (E Äl ) 0 . A field is called bosonic (resp. fermionic) if and only if it is an even section of a bosonic (resp. fermionic) bundle. We conclude with the notion of "conjugation". Following a common habit in Physics ( [12] , p. 336), we call standard conjugation of Äl = Λ * W , W = C N , the unique C-anti-linear involution, which coincides on W with the usual conjugation and is an algebra anti-homomorphism, i.e. such that w 1 · w 2 = w 2 · w 1 for any w i ∈ Äl. We use the symbol " " to denote also the associated standard conjugation of (local) sections of M Äl
If π : E −→ M o is a complex vector bundle, endowed with a C-antilinear, fiber bundle involution : E −→ E, we use the same symbol " " to denote the induced involution on E Äl , defined by f · e = (−1) |f ||e| f · e for any homogeneous f ∈ Γ loc (F Äl Mo ), e ∈ Γ loc (E). Example 2.3. We want to show how Dirac's Lagrangian for free electrons (see e.g. [9] ) can be defined using the objects of this section. Let π : S = S×R 3,1 −→ R 3,1 be the (trivial) spinor bundle of R 3,1 , with fiber given by the space of Dirac spinors S = C 4 . We consider S as a purely odd bundle, so that electrons (which are fermions!) are represented by fields (= even sections) ψ : U ⊂ R 3,1 −→ S Äl in the fermionic bundle S Äl . Dirac's Lagrangian can be considered as the map L : Γ loc (S Äl ) −→ Γ loc ((Λ 4 T * R 3,1 ) Äl ) given by
where:
-D is the flat Levi-Civita connection of R 3,1 and (e i ) is the standard orthonormal basis of R 3,1 , with < e i , e j >= η ij = ǫ i δ ij where ǫ 0 = −1 and ǫ 1 = ǫ 2 = ǫ 3 = 1;
-Γ j · : S Äl −→ S Äl are the Äl-linear bundle maps, represented in standard frames by the classical Dirac matrices Γ 0 = I 0 0 −I and
-·, · : S Äl ×S Äl −→ Äl is the Äl-bilinear map along fibers (symmetric on even sections), defined by s 1 , s 2 | x = s T 1 | x · Γ 0 · s 2 | x and m is the inertial mass of the electron.
Ä-supermanifolds.
We recall that there exist two distinct approaches to the notion of "supermanifold", one developed by Berezin, Bernstein, Leites, Kostant and others ( [6, 7, 8, 22, 20, 23] ) and another invented by DeWitt, Batchelor and Rogers ([16, 4, 5, 27, 28, 3, 29] ). These approaches turn out to be equivalent if some technical modifications and adjustments of basic definitions are considered (see [5, 28, 30] ).
We follow Berezin-Leites-Kostant approach, of which the reader can find all main definitions and properties in the appendix. But we have to stress the fact that, in order to reach a satisfactory and rigorous treatment of bosons and fermions, one has to consider supermanifolds with analogues of the even/odd valued functions defined in §2.1. This forces to adopt the following modification of Berezin-Leites-Kostant definition of supermanifold (see also [33, 19] ). Notice that:
-such modification essentially coincides with the adjustment that makes Berezin-Leites-Kostant approach equivalent to the Batchelor-DeWitt-Rogers approach and -it is motivated also by Molotkov's categorical approach ( [24, 30] ), originally developed to determine a canonical embedding of the group of diffeomorphisms of a supermanifold into a (infinite-dimensional) supergroup. 
The sheaf A Äl
M is tightly related with the sheaf of superfunctions of a particular Cartesian product of supermanifolds (see §A.1.2). In fact, Äl = Λ * W is isomorphic to the structure sheaf of R 0|N = ({0}, A R 0|N = Λ * R N ) and
the help of such identification, we may introduce the following fundamental objects.
1 A similar definition can be given for complex Äl-supermanifolds, where M = (Mo, AM )
is assumed to be complex and K = R is replaced by K = C at all places.
shortly denoted by ξ = (x i , ϑ α ). By means of the unique Äl-linear extension
The sheaf over M o of supervector fields of M Äl will be denoted by T M Äl . Be aware that, by definitions, T M Äl is a proper subsheaf of the tangent sheaf
For any x ∈ M o and X ∈ Γ loc (T M Äl ), we call evaluation of X at x the map
We call tangent space of M Äl at x the space T x M Äl generated by the evaluations at x of supervector fields of M Äl . One can check that
where for any f ∈ A Äl
By definitions, X is even (resp. odd) if and only if all X j 's are even-valued (resp. odd-valued) and all X α 's are odd-valued (resp. even-valued).
Tensor fields and linear frames on
and ω(fX) = (−1) |ω||f| fω(X)
for any homogeneous f ∈ Γ loc (A Äl M ), X ∈ Γ loc (T M Äl ). As for usual supermanifolds, we call full tensor sheaf of M Äl the sheaf ⊗ A Äl
if it is sum of tensor products of p vector fields and q 1-forms. The notions of "homogeneity" and "parity" of tensor fields on Äl-supermanifolds are defined in full analogy with the corresponding notions on supermanifolds. Also the definitions of skew-symmetric tensors of type (p, 0), q-forms, exterior differential and interior multiplication with vector fields are defined exactly as for usual supermanifolds. See §A.1.4 for a brief review of all such notions and [20] for detailed definitions.
This definition naturally extends to all other tensor fields.
We call cotangent space of M Äl at x the space T * x M Äl generated by the evaluations at x of 1-forms of M Äl . One can check that T *
In order to get short statements, close to familiar sentences on smooth manifolds, we consider the following definitions. Given an open subset 
, is called sheaf of frame fields of M Äl (see also [2] ). Notice that, for any local frame field (e 1 , . . . , e n+m ), the evaluations (e 1 | Mo , . . . , e n+m | Mo ) constitute a local frame field for the graded vector bundle T M Äl | Mo ≃ (T M | Mo ) Äl .
Flows, Lie derivatives and linear connections.
Given a Äl-supermanifold M Äl = (M o , A Äl M ), we call (smooth) 1-parameter group of automorphisms any morphism of supermanifolds (here, we think of M Äl as a Cartesian product of supermanifolds; see §2.2)
is an isomorphism of Äl-supermanifolds;
and we say that (Φ, Φ) is a flow of V . In analogy with smooth manifolds, it is possible to define local 1-parameter groups of automorphisms and corresponding supervector fields. We leave to the reader the task of guessing the appropriate definitions.
One can directly check that the supervector field of a local 1-parameter group of automorphisms is always even. The converse is also true. In fact: 
For an even supervector field V , we denote by Φ V t the corresponding flow. One can check that all properties of local flows on smooth manifolds have analogues for local flows on Äl-supermanifolds. In particular, for any even
where "L V (·)" denotes the unique derivation of tensors, which is compatible with contractions and such that 
The torsion T and the curvature R of a linear connection ∇ are the tensor fields of type (1, 2) and (1, 3) , respectively, such that, for any homogeneous supervector fields X, Y ,
Given a linear connection ∇, the induced connection on the vector bundle
3. Super-spacetimes and supergravities on Ä-supermanifolds We recall that, given an irreducible spinor module S, any super-extension
(here "·" stands for Clifford product) for some non-degenerate so(V )invariant bilinear form β on S such that:
S ± are either mutually β-orthogonal or both β-isotropic. It is known that any admissible tensor is so(V )-invariant, it corresponds to a super Poincarè algebra and there is a basis for (
A super Poincarè algebra, determined by an admissible tensor, is called admissible. In this case, V +S is naturally endowed with the non-degenerate bilinear form (·, ·), called extended inner product, defined by
From now on, any super Poincarè algebra is assumed to be admissible and (·, ·) always indicates the extended inner product on V + S.
3.2.
Distributions, Levi forms and super-spacetimes of type g.
It is called odd (resp. even) of rank q if for any 
One can directly check that: a) the E i 's are even generators for D g⊥ ; b) the E α 's are odd generators for D g ; c) the Levi tensor L g of D g (determined by D g⊥ ) is such that
where L i αβ are the structure constants defined by [e α , e β ] = L i αβ e i . Now, consider a super Poincarè algebra g = (so(V ) + V ) + S and let n = dim V , m = dim S. ii) the Levi tensor L of D, determined by D ⊥ , is such that
is formed by two bases (e β ), (eβ) for S + , S − , respectively, and the corresponding fields E β , Eβ generate complementary subdistributions D ± ⊂ D.
3.3. Supergravities of type g. 
where T is the torsion of ∇ and X, s are fields in Γ loc (T M Äl ) such that X| Mo = X, s| Mo = s;
-the connection D : [32] . However, g is a bosonic field and its components g ij = g ∂ ∂x i , ∂ ∂x j in any coordinate frame ∂ ∂x i of M o , are even-valued Äl-functions, which behave as components of a pseudo-Riemannian metric. Moreover, the tensor field g R = g R ij dx i ⊗ dx j , determined by the R-valued parts g R ij of the maps g ij : U o ⊂ M o −→ Äl = R + W + Λ 2 W + . . . , is a pseudo-Riemannian metric of signature (p, q) in the usual sense. Notice also that, as in [32] , the (real part of the) metric connection D is a metric connection for g R .
The Principle of General Covariance on Ä-supermanifolds.
From §2, we know that automorphisms, even tensor fields and Lie derivatives by even vector fields of a Äl-supermanifold behave as diffeomorphisms, tensor fields and Lie derivatives of a smooth manifold M , endowed with a distinguished submanifold M o and a sheaf of Äl-valued functions. Moreover, modulo simple adjustments of signs, their expressions in supercoordinates are identical to those on smooth manifolds. This explains why the "simple-minded approach", which (locally) deals with supermanifolds as smooth spaces, with points labeled by bosonic and fermionic coordinates (see e.g. [12] , p. 338), brings in fact to correct conclusions.
Due to this, we may safely claim that the results on supergravities, stated in [32] for smooth manifolds, hold for supergravities on Äl-supermanifolds as well. We can also re-formulate the Principle of General Covariance of that paper in terms of Äl-supermanifolds as follows.
First of all, notice that for a supergravity G = ((M Äl , M o , D), (g, ∇)) of type g, any (local) automorphism ϕ : M Äl → M Äl determines the new supergravity of type g
The principle can be now stated as follows.
A The system E o is called manifestly covariant if there exist a system E, which satisfies (i) and is of tensorial type. 
Supergravity in 11 dimensions

Notation.
Let g = so(V ) + V + S be a super Poincarè algebra with (V, <, >) = R p,q , n = p + q. We always assume that:
-(e A ) = (e i , e α ) is a fixed basis for V + S, with (e i ) orthonormal basis of (V, <, >), i.e. < e i , e j >= ǫ i δ ij with ǫ i =
-(e A ) = (e i , e α ) is the dual basis for V * + S * and ω o = e 1 ∧ . . . ∧ e n ;
we use the notation ǫ j 1 ...jn def = ω o (e j 1 , . . . , e jn ); -(·) ♯ : For a fixed choice of g, we denote by (·) ♯ :
Clifford products.
Let B = (e i ) be an orthonormal basis for V = R p,q , and, given a spinor representation · : Cℓ(V ) × S −→ S of the Clifford algebra Cℓ(V ) = Cℓ p,q onto S = K N , K = R, C, H, let us denote by Γ i ∈ gl N (K), 1 ≤ i ≤ p + q, the matrices associated with the e i 's , i.e. such that (e i · s) α = Γ α iβ s β for any s = (s α ) ∈ S = K N .
Recall that there is a natural vector space isomorphism ϕ : Cℓ(V ) −→ Λ * V , which can be used to define the following "Clifford product" Clifford products between fields in D ⊥ and fields in D are defined as follows.
takes values in the sheaf generated by wedge products of vector fields in D ⊥ .
The sheaves of D-orthogonal r-forms and skew-symmetric tensor fields of type (r, 0) will be denoted by Λ r D ⊥ * and Λ r D ⊥ , respectively.
Notice that, when (E
, we call Clifford product between w and s the vector field in D
By SO(V )-equivariance, w · s does not depend on the frame field (E A ). ∇) ). We call Hodge star operator the linear operator * : Γ loc (Λ r D ⊥ * ) −→ Γ loc (Λ n−r D ⊥ * ) defined as follows. Given a positively oriented frame field (E A ) and a D-orthogonal r-form w, we know that w ♯ is (locally) of the form w ♯ = m 1 <...<mr w m 1 ...mr E m 1 ∧ . . . ∧ E mr . We define * w = m 1 <...<mr;j 1 <...<j n−r ǫ m 1 ...mrj 1 ...j n−r w m 1 ...mr E j 1 ∧ . . . ∧ E j n−r .
One can check that * w is independent of the choice of (E A ): it depends only on w, g and the orientation.
Let z, z ′ ∈ Γ loc (Λ r D ⊥ * ), with components in a frame field
We call inner product between z and z ′ the Äl-superfunction g(z, z ′ ) def = z m 1 ...mr z ′m 1 ...mr . Notice that g(z, z ′ ) is independent of the choice of the frame field. By little abuse of notation, we denote z 2 g = g(z, z), even if " z g " does not exist.
In analogy with [32] , we denote by g D ⊥ , Ric D ⊥ and s D ⊥ the even tensor fields of type (0, 2) and even Äl superfunction
where (E A ) = (E i , E α ) is a frame field as in §4.1 and
Finally, we call Rarita-Schwinger 1-form the even tensor field R ∈
where (E i , E α ) is a frame field as in §4.1 and "·" denotes a Clifford product. 
To check this, we refer to [32] since the required expressions are formally identical to those that one can derive on a non-super space-time.
Supergravity in 11 dimensions.
According to the remarks in §3.4, all results, established in [32] for nonsuper space-times, can be re-formulated in the context of super space-times, provided that appropriate adjustments in signs are taken into account.
So, as in §4.1 of [32] , if (g, ∇) is a gravity field on a super-spacetime
, the torsion T of ∇ decomposes into a sum of the form where Sym(D ⊥ ) ⊗ D * is the sheaf of the sections C ∈ D ⊥ ⊗ D ⊥ * ⊗ D * satisfying g(C(s, V ), V ′ ) = (−1) |s||V | g(V, C(s, V ′ )) for any homogeneous V, V ′ ∈ Γ loc (D ⊥ ), s ∈ Γ loc (D) (for detailed statement, see [32] , Thm. 4.1).
Supergravities satisfying (4.1) are called Levi-Civita, while we call strong Levi-Civita the supergravities satisfying the following stronger constraints:
strict Levi-Civita according to [32] ), 2) T D ≡ 0. We point out that (1) and (2) are the constraints, which appear in superspace formulation of simple 4D-supergravity (see [35, 34, 26, 32] ) and, as we will shortly see, play a crucial role in the theory of supergravities in 11 dimensions.
Let us now show how the theory of 11D-supergravity by Cremmer, Julia and Scherk ( [14] ) and its (on-shell) superspace formulation ( [13, 11] (see also [12] ) can be presented in terms of supergravities of type g.
Let V = R 10,1 and g = so(V ) + V + S the super-Poincarè algebra, determined by the admissible bilinear form β(s, s ′ ) = Im(is T Γ 0 s ′ ) on the irreducible module S = C 32 of Dirac spinors, with Dirac matrices Γ 0 antisymmetric and Γ i , i = 0, symmetric. -a gravity field (g, ∇) on M Äl ; -an even D-orthogonal, 4-form F on M Äl , and subjected to the following constraints 1) ∇ is strong Levi-Civita (i.e. T D ⊥ = 0 = C D,D ⊥ ;D ⊥ = T D ); 2) for any even X ∈ Γ loc (D ⊥ ) and odd s ∈ Γ loc (D)
where "·" denotes Clifford product. If G CJS is a CJS-supergravity, its super-flux is the skew-symmetric tensor field F def = F + Z with Z defined by
where ε(σ, X) is the super-sign (A.3) and "·" denotes Clifford product.
Given a CJS-supergravity G CJS , we consider as physical fields of G CJS the graviton, the gravitino, the A-field and the metric and spinor connections, defined as for any other supergravity, plus the flux that is the tensor field
where the X i ∈ Γ loc (T M Äl ) are such X i | Mo = X i . Notice that, by (1), (2) and definition of F , the A-field and the metric and spinor connections are completely determined by g, ϑ and F, so that the degrees of freedom of all physical fields are given only by these three fields.
We claim that Cremmer, Julia and Scherk's theory can be considered as the theory of CJS-supergravities that solve the system of equations:
(here (·) D ⊥ is the projection onto the space of D-orthogonal forms). In fact, if g, ϑ, F are graviton, gravitino and flux of a CJS-supergravity satisfying (i) -(iii), then they satisfy the Euler-Lagrange equations of Cremmer, Julia and Scherk's Lagrangian for 11D-supergravity: just look at expressions in coordinates of (i) -(iii) and compare them with the equations in [13] . The converse, i.e. if g, ϑ, F satisfy Cremmer, Julia and Scherk's equations, then they are physical fields of a CJS-supergravity satisfying (i) -(iii), can be checked as follows. We give here only an informal sketch, planning to give detailed arguments somewhere else. are satisfied, then T , R and 1 3 F are the curvatures of a Free Differential Algebra A satisfying the constraints given in [12] (III.8.34) -(III.8.37) (for definition of Free Differential Algebras and applications to supergravity, see [12, 15, 17] ).
It follows that T , R and 1 3 F satisfy a system of equations, given by the generalized Bianchi identities of A and the integrability conditions, which are consequences of constraints and Bianchi identities (see [12] , p. 908-910). Neglecting the usual Bianchi identities of T and R (which are automatically satisfied because we are assuming that ω ∇ is a connection form) and the relations identically satisfied because of the constraints, the system is equivalent to the following set of equations on tensor fields on M Äl :
Now, we recall that [12] (III.8.34) -(III.8.37) are "rheonomic constraints"
and that any collection of differential forms on P Äl ||Mo , satisfying restrictions of the above generalized Bianchi identities and integrability conditions, admits a unique extension to a Free Differential Algebra A on P Äl satisfying those constraints (see [12] , Ch. III. 3). On the other hand, (i) -(iii) are restrictions to vector fields in T M o of the equations (i') -(iii') and hence they correspond to restrictions to vector fields in T (P Äl ||Mo ) of the Bianchi identities and integrability conditions of A. We infer that the triples ( g, ϑ, F) satisfying Cremmer, Julia and Scherk's equations (which, we recall, are the equation one gets when writes (i) -(iii) in terms of ( g, ϑ, F)) are in one-toone correspondence with the Free Differential Algebras A on P Äl , satisfying the quoted rheonomic constraints. Since such Free Differential Algebras correspond uniquely to CJS-supergravities satisfying (i') -(iii'), the claim follows.
It is important to observe that such arguments show also that a CJSsupergravity satisfies (i) -(iii) if and only if it satisfies (i') -(iii'). Since (1), (2) and (i') -(iii') are of tensorial type, they are manifestly covariant and hence they satisfy the Generalized Principle of General Covariance.
Finally, as pointed out in [12] , we remark that all equations (i') -(iii'), except dF = 0, are integrability conditions that are automatically satisfied by any CJS-supergravity solving dF = 0. This intriguing fact was first proved by Brink and Howe and Cremmer and Ferrara in [11, 13] . 
Denoting by (e α ) the standard basis of R m * and by ϑ α :
where (ϑ β ) 0 = 1 and 1 ∧ ϑ β = ϑ β . For simplicity, we set (ϑ β ) α = 0 for any α = 0, 1, so that (A.1) makes sense even if we sum over α j ∈ N.
The homogeneous superfunctions x i and ϑ α are called even and odd coordinates, respectively. One can check that even (resp. odd) superfunctions, i.e. superfunctions of parity 0 (resp. 1), are of the form This fact is often described saying that "ǫ(f) is the function given by evaluating (A.1) at U o = { ϑ α = 0 }". According to this, for any f ∈ Γ loc (A M ) and x ∈ M o , we adopt the notation
and
A supermanifold of dimension (0|0) and connected body is called superpoint. It is unique up to isomorphism and is denoted by
be two supermanifolds and π i : M 1o × M 2o −→ M io the natural projection of M 1o × M 2o onto the i-th factor. The Cartesian product of M 1 and M 2 is the supermanifold given by the pair
where π : A M 1 ×M 2 −→ M o1 ×M o2 is a sheaf, which is canonically determined by A M 1 , A M 2 and includes π * 1 (A M 1 ) ⊗ π * 2 (A M 2 ) as a dense subsheaf (for a detailed definition of A M 1 ×M 2 , see [20] , p. 215).
For any x ∈ M o1 , the evaluation of superfunctions of M 1 × M 2 at x is the sheaf morphism ǫ x : For any x ∈ M o , the tangent space of M at x is the Z 2 -graded vector space
It is known (see e.g. [20] , §2.12) that π : Sheaf (T M | Mo ) −→ M o is isomorphic to the sheaf determined by the pre-sheaf
On the base of such isomorphism, the evaluation map ǫ :
If we consider supercoordinates (x i , ϑ α ) on a decomposable neighborhood
For any vector field X ∈ Γ(T M ), we use the notation
and we say that X is tangent to M o if for any x ∈ M o and any system of super-coordinates, one has that X| x is of the form X| x = X i ∂ ∂x i x for X i ∈ R. 
We conclude with the definition of tensor fields. The cotangent sheaf of M is the sheaf
for any homogeneous f ∈ Γ loc (A M ) and X ∈ Γ loc (T M ).
The full tensor sheaf of M is the sheaf 3 In the literature, T M |M o is usually denoted by "T M ". We decided to use such new notation, because T M |M o is similar more to the restriction of a tangent bundle to a submanifold than to the tangent bundle of a manifold. generated by the tensor products (Z 2 -graded over A M ) of T M and T * M . A local section α of ⊗ A M < T M, T * M > is called tensor field. It is of type (p, q) if it is sum of tensor products of p vector fields and q 1-forms. It is called homogeneous of parity |α| ∈ Z 2 if it is sum of tensor products of homogeneous vector fields and homogeneous 1-forms, whose sum (in Z 2 ) of parities is equal to |α|.
A.1.4. Skew-symmetric tensor fields, exterior differentials and interior multiplications. A tensor field ω of type (0, q) of M is called symmetric (resp. skew-symmetric) in graded sense if for any q-tuple X 1 , . . . , X q of homogeneous vector fields and any 1 ≤ i ≤ q − 1
Skew-symmetric (0, q)-tensor fields are also called q-forms. Similar definitions are given for symmetric and skew-symmetric (p, 0)-tensor fields in graded sense. For brevity, the words "in graded sense" are often omitted. The sheaves over M o , generated by skew-symmetric tensor fields of type (p, 0) and (0, q), are denoted by Λ p T M and Λ q T * M , respectively, and
For an open subset U o ⊂ M o , the space Γ Λ * T * M ||Uo is endowed with a "wedge product"
which, in the context of Z 2 -graded multilinear maps on Z 2 -graded vector spaces, is the analogue of wedge products on classical smooth manifolds: differences in the expressions concerns only signs, which have to be consistent with grades of arguments and maps. We refer to [20] , p. 244-246, for a detailed definition of "∧". We point out that such wedge products determines a natural structure on Λ * T * M of sheaf of bi-graded commutative algebras. A corresponding definition determines a "wedge product" between sections in Λ * T M ||Uo and determines a natural structure of sheaf of bi-graded commutative algebras on Λ * T M .
For any homogeneous superfunction f ∈ Γ loc (A M ), the differential df is the 1-form, defined (in analogy with the classical case) by df(X) def = (−1) |X||f| X · f for any homogeneous X ∈ Γ loc (T M ) .
It can be checked ( [20] , p.249-250) that, for any open subset U o ⊂ M o , there exists a unique derivation d on Γ Λ * T * M ||Uo of bidegree (1, 0) such that: a) it coincides with the differential, when applied to homogeneous superfunctions; b) it satisfies d 2 = 0. Such derivation is called exterior differential and it is the analogue of the exterior differential of smooth manifolds. See [20] for its explicit expression and main properties. For any open subset U o ⊂ M o and X ∈ Γ(T M ||Uo ) we denote by ı X the interior multiplication by X, i.e. the derivation of Γ Λ * T * M ||Uo of bidegree (−1, |X|) defined by
We conclude recalling the definition of "super-signs" of permutations of m elements, frequently used in constructions of skew-symmetric tensors. For any σ ∈ P m , we set ∆ σ = { (i, j) : 1 ≤ i < j ≤ m , σ(i) > σ(j) } and, if X = (X 1 , . . . , X m ) is an m-tuple of homogeneous vector fields X i ∈ Γ loc (T M ), we call super-sign of the pair (σ, X) the value ε(σ, X) def = (−1) (i,j)∈∆σ (1+|X i ||X j |) .
(A.3)
When all the X i are even, the super-sign coincides to the classical sign ε(σ). -Ad(·)| g 0 : G o −→ Aut (g 0 ) is the usual adjoint action of G o ; -Ad * : g 0 −→ aut(g) coincides with ad | g 0 : g 0 −→ aut(g).
Given a Lie supergroup G = (G o , A G ), one can naturally associate to it the sHC-pair (G o , g = Lie(G)) and any sHC-pair corresponds to a unique (up to isomorphism) Lie supergroup. In particular, given a sHC pair (G o , g), the sheaf A G of the corresponding Lie supergroup G = (G o , A G ) is the one determined by the pre-sheaf on G o { U o −→ Hom(U (g), C ∞ Go (U o )) U (g 0 ) } , where U (g 0 ) and U (g) denote the universal enveloping algebras of g 0 and g, respectively. We refer to [21] for the explicit expressions of the product and inverse morphisms µ, ν of G = (G o , A G ). 
